Abstract. We introduce a concept of formal local homology modules which is in some sense dual to P. Schenzel's concept of formal local cohomology modules. The dual theorem and the non-vanishing theorem of formal local homology modules will be shown. We also give some conditions for formal local homology modules being finitely generated or artinian.
Introduction
Throughout this paper, (R, m) will be a local noetherian (commutative) ring with the m −adic topology. Let I be an ideal of (R, m) and M an R−module. In [14] , P. Schenzel introduced the concept of formal cohomology and the i − th I−formal cohomology module of M with respect to m can be defined by
In the paper, we introduce the concept of formal local homology which is in some sense dual to P. Schenzel's concept of formal local cohomology. The i−th I−formal local homology module F We also study some basic properties of formal local homology modules F I i (M ) when M is a linearly compact R−module, in particular when M is an artinian R−module. The organization of the paper is as follows.
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In Section 2, we define the formal local homology modules F 
Formal local homology modules
We first recall the concept of linearly compact defined by I. G. Macdonald [6] . A Hausdorff linearly topologized R−module M is said to be linearly compact if F is a family of closed cosets (i.e., cosets of closed submodules) in M which has the finite intersection property, then the cosets in F have a non-empty intersection. A Hausdorff linearly topologized R−module M is called semi-discrete if every submodule of M is closed. Thus a discrete R−module is semi-discrete. It is clear that artinian R−modules are linearly compact with the discrete topology. So the class of semi-discrete linearly compact modules contains all artinian modules. Moreover, if (R, m) is a complete ring, then the finitely generated R−modules are also linearly compact and semi-discrete.
Let I be an ideal of (R, m) and M an R−module. It is well-known that the i − th local cohomology module H i I (M ) of M with respect to I can be defined by
In [14] , P. Schenzel introduced the concept of formal cohomology and the i − th I−formal cohomology module of M with respect to m can be defined by
Note that the i − th local homology module H I i (M ) of an R−module M with respect to I can be is defined by
This suggests the following definition.
Definition 2.1. Let I, J be ideals of R. The i−th I−formal local homology module
In the case of J = m we set F t ) has a natural structure as a module over the ring Λ J (R), then F I i,J (M ) also has a natural structure as a module over the ring Λ J (R). In particular, F I i (M ) has a natural structure as a module over the ring R.
(ii). If M is finitely generated, then
In the following theorem we compute the local cohomology modules of an I−formal local homology module F I i,J (M ). Theorem 2.3. Let M be an R−module. Then
By passing to direct limits lim − → t we have the conclusion as required.
Corollary 2.4. Let M be an R−module and i an integer such that 0 :
Proof. It follows from 2.3 that
As 0 :
If M is a linearly compact R−module, then M has a natural structure of linearly compact module over R by [4, 7.1] . We have the following lemma.
Lemma 2.5. Let M be a linearly compact R−module. Then
Proof. The natural homomorphism R −→ R gives by [3, 3.7] isomorphisms
for all i ≥ 0. By passing to direct limits, we have the isomorphisms
It should be noted that the artinian R−modules are linearly compact and discrete. Therefore we have an immediate consequence. Corollary 2.6. If M is a artinian R−module, then
Lemma 2.7. Let I, J be ideals of R and M a linearly compact R−module.
Proof. As M is J−separated, 0 : M I t is also J−separated for all t > 0. It follows from [4, 3.8] that
By passing to direct limits we have the conclusion. 
In the special case when M is an artinian R−module, we have the following consequence. Corollary 2.9. Let I, J be ideals of R and M an artinian R−module.
Proof. Note that artinian modules are linearly compact, then
by 2.7. Moreover, as M is an artinian module over the local ring (R, m), [13, 1.4] provides that Γ I (M ) = M and we have the conclusion. Lemma 2.10. Let I, J be ideals of R and M an artinian R−module.
Proof. As M is a I−separated artinian R−module, there is a positive integer n such that
for all i.
In the case J = m, it follows from [3, 4.6] that H m i (M ) is a noetherian R−module. From 2.10 we have an immediate consequence. 
Lemma 2.14. Let (R, m) be a complete local noetherian ring.
* is finitely generated.
Proof. (i)
. AS M is a finitely generated module over the complete local noetherian ring (R, m), It follows from [6, 7.3] that M is linearly compact and semi-discrete. Then M * = D(M ) by 2.12. Now, the conclusion follows from [15, 3.4.11] .
(i). It should be noted that an artinian R−module is a linearly compact R−module with the discrete topology. Then M * = D(M ) by 2.12. Finally, the conclusion follows from [15, 3.4.12] .
We have the following dual theorem. Theorem 2.15. Let (R, m) be a complete ring and M a linearly compact R−module. Then
for for all i.
Proof. It should be noted by [4, 6.7] that
for all t > 0. The we have
[6, 9.14]).
The proof is complete.
Corollary 2.16. Let (R, m) be a complete ring and M a linearly compact R−module. Then
Proof. Combining 2.13 (ii) with 2.15 yields
In order to state Theorem 2.18 about the long exact sequence of formal local homology modules we need the following lemma. 
It should be noted by [13, 1.11 ] that an artinian module over a local noetherian ring (R, m) has a natural structure of artinian module over R and a subset of M is an R−submodule if and only if it is an R−submodule. Thus, from 2.9 we may assume that (R, m) is a complete ring. We now consider the short exact sequence of artinian
Note that the artinian R−modules are linearly compact and discrete, then the homomorphisms f, g are continuous. Combining [4, 6.5 ] with 2.14 we have the following short exact sequence of finitely generated
where the induced homomorphisms f * , g * are continuous. It gives rise by [14, 3.11 ] a long exact sequence of I−formal local cohomology modules
It should be mentioned from 2.17 (ii) that the I−formal local cohomology modules 
The conclusion now follows from 2.16.
We now recall the concept of Noetherian dimension of an R−module M denoted by Ndim M. Note that the notion of Noetherian dimension was introduced first by R. N. Roberts [12] by the name Krull dimension. Later, D. Kirby [5] 
Proof. (i). We begin by proving that
for all t > 0. As M is a semi-discrete linearly compact R−module, it should be noted by [4, 7.1,7.2] that M has a natural structure of semidiscrete linearly compact module over the ring R and Ndim R M = NdimR M. Thus, we may assume that (R, m) is a complete ring. At first, we prove in the special case when M is artinian. Then D(M ) is a finitely generated R−module by Matlis dual. We have
Combining 2.12 with [4, 7.4] yields
We now assume that M is a semi-discrete linearly compact R−module. By [18, Theorem] there is a short exact sequence
where N is finitely generated and A is artinian. 
by [4, 3.7] . As Ndim(0 : 
The rest of the proof is analogous to that in the proof of (i). 
Proof. By 2.5 we may assume that (R, m) is a complete ring It should be noted that M * is a finitely generated R−module. Combining 2.16 with [17, 2.9] yields
By the proof of [14, 4.3] we have
We have the following equivalent properties for formal local homology modules F I i (M ) being finitely generated for all i < s. Theorem 3.2. Let M be an artinian R−module and s a positive integer. Then the following statements are equivalent:
is finitely generated, the increasing chain of submodules of
is stationary. Thus, there is a positive integer r such that 0 :
r for all t ≥ r. It follows from 2.3 that
We use induction on s. When s = 1, we have
As 0 : M I t is artinian, there is k t such that m k (0 :
and
Thus, [17, 2.3] . Moreover, from the hypothesis we have
It follows from 3.1 that
and then F I 0 (M ) has finite length. Let s > 1. As M is artinian, there is a positive integer m such that
gives rise to a long exact sequence of formal local homology modules by 2.18
Thus, the proof will be complete if we show that F I i (K) is finitely generated for all i < s. By the hypothesis, we have I ⊆ 0 : F I i (K) for all i < s. Since IK = K, there is an element x ∈ I such that xK = K by [7, 2.8] . Then there is a positive integer r such that x r F I i (K) = 0 for all i < s. Now the short exact sequence 0 −→ 0 : K x r −→ K Proof. Assume that I is generated by the element x. As M is artinian, there is a positive integer m such that
m M, then the short exact sequence of artinian R−modules
gives rise to a long exact sequence of formal local homology modules
These short exact sequences induce the following exact sequences
It should be mentioned that M/K is I−separated. By 2.11,
is a noetherian R−module and then Im g i /I Im g i is a noetherian R−module for all i. Thus, the proof is complete by showing that
is a noetherian R−module for all i. As xK = K, there is a short exact sequence
It gives rise to a long exact sequence 
Since 0 : F I s−1 (K) x is a noetherian R−module, Tor 
